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Abstract

This paper introduces a unified mathematical framework for location space, a
generalized structure for representing, comparing, and optimizing positions across
physical, digital, and abstract domains. By extending classical metric spaces to
adaptive, multi-layered, and computationally embedded systems, we define a formal
basis for location-aware computation. Applications include geospatial systems,
distributed networks, and machine learning embeddings.

1. Introduction

The concept of location has traditionally been treated as a coordinate in Euclidean
space. However, modern systems—ranging from internet routing to artificial
intelligence—operate in environments where “location” is not purely geometric.

A search query, a network node, or a semantic vector may all represent positions within
different kinds of spaces. The aim of this work is to formalize a location space that
unifies these representations under a single mathematical structure.

2. Definition of Location Space
We define a location space as a tuple:

L=(X,d,ur)

where:
e Xis asetof locations
e d:X x X - Rtis ageneralized distance function
e uis a measure representing density or probability over X
e Tis atransformation group acting on X

Unlike classical metric spaces, dis not required to satisfy symmetry or the triangle
inequality.



3. Generalized Distance Functions
We extend the concept of distance to include:
1. Metric distance
2. Graph distance (shortest path)
3. Probabilistic divergence
4. Semantic similarity

Thus, dmay be defined as:

d(x,y) = adp(x,y) + Bdy(x,y) + yds(x,y)

where coefficients reflect context-dependent weighting.

4. Layered Location Spaces
We define a layered location space as:
n
L= U L
i=1
Each layer represents a distinct domain:
¢ Physical space
e Network topology
¢ Information or semantic space

Mappings between layers are given by functions:

This allows translation between, for example, a GPS coordinate and a database index or
embedding vector.

5. Dynamic Location Spaces

Real-world systems require time-dependent behavior. We define:

L(t) = (X(©), d¢, pe)



This captures:
e Moving objects
e Changing network conditions

¢ Evolving semantic relationships

6. Optimization in Location Space

We define the location optimization problem as:

n
mip ) widex)
i=1
This generalizes classical facility location problems to arbitrary spaces.
Applications include:
¢ Routing and logistics
e Searchranking

e Resource allocation

7. Computational Representation

A key contribution is embedding location spaces into computational systems:
e Graph databases
¢ Vector embeddings
e Distributed hash structures

We define a computable location space where:

3 ¢p: X > RF

such that approximate distances can be computed efficiently.

8. Applications
8.1 Geospatial Systems

Extends GIS by integrating uncertainty and dynamic metrics.



8.2 Network Routing

Defines optimal paths in non-Euclidean infrastructures.
8.3 Machine Learning

Unifies embedding spaces with physical location models.
8.4 Search Systems

Improves relevance by combining semantic and spatial proximity.

9. Discussion

The theory of location space challenges the assumption that space must be geometric.
Instead, it proposes that location is relational, defined by distance, context, and
transformation.

This framework enables a unified treatment of:
e Physical geography
e Digital networks

e Abstract data structures

10. Conclusion

We have introduced a mathematical theory of location space that generalizes classical
spatial models into a flexible, multi-domain structure. Future work will explore:

e Learning optimal distance functions
e Real-time adaptive metrics

¢ Integration with autonomous systems
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